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Abstract
A rate-sensitive constitutive theory is developed for describing the

mechanical behavior of sea ice. The theory is characterized by its
ability to:
{a) Decompose the various recoverable (instantaneous elastic and
delayed elastic or primary creep) and irrecoverable (secondary

creep and strain-softening or tertiary creep) components of

strain.
(b) Describe materially ancisotropic material behavior with a

pressure-insensitive but rate-dependent potential function.
{c) Represent continuously damaqinqﬁor strain-softening material
behavior during ductile-to-brittle transition in compression
- with a linear incremental damage accumulation model.
(d) Predict first crack occurrence Or nucleation with a
rate-dependent limiting tensile strain criterion.

{e) Describe ultimate failure by macrocracking representing either

vielding of the material or fracture with a rate and pressure

sensitive Drucker-Prager surface.
This paper compares the model predictions with several independent sets

of experimental data, particularly those for first-year sea ice. Data

for the uniaxial "strength” of sea ice is augmented with +he extensive

1 data base available for pure polycrystalline ice through a

experimenta

normalization to account for the presence of brine.




Theoretical Formulation

Continuum Theory.-- The constitutive model is a2 nonlinear generalization

of the two element Maxwell fluié model consistina of a rate-sensitive
spring with effective modulus, Egeg, connected in series to a nonlinear

viscous dashpot. The governing eguations are listed in Table 1.

The effective modulus equals the Young's modulus, E, at very high rates
of loading and (1-r)E as the strainrate approaches zero, where r is a
paraneter that models stress relaxation. If r=1 the material displays
no stress relaxation and if r=0 the effective modulus is rate-
insensitive and equal to the Young's modulus. Typically, r is less than
one. The effective modulus represents the recoverable strains
contributed both by instantaneous elasticity and by delayed elasticity.
As such, the rate-sensitive spring can be decomposed into two springs in
series, one with modulus equal to E, the Young's modulus, and another

with modulus equal to Eg, the modulus of delayed elasticity.

The nonlinear viscous dashpot represents the secondary creep strainrate
based on the well known Glen's power law. Note that the parameter A

controls secondary creep as well as delaved elasticity.

Material damage or microcracking activity in ice leads to tertiary creep
under constant stress loading and o strain-softening under constant
strainrate loading. The phenomenon affects both the rate-sensitive
spring and the nonlinear dashpox which governs ice behavior at larger
strains. The development here is based on the hypcthesis that damage
influences the constant A describing the creep resistance of ice. The
effect of damage on the Young's modulus is neglected., Defining D as a
one—dimensional damage parametér, it is possible to express the damaged
value of the creep resistance parameter & as En=('=-D)A. In general, D
varies between zero and one; it ecuals zero in the case of no damage anc
one for <otal damage, i.e., the naterial loses 21l avility to sustain
stresses. The mathematical formulation of damage in Table 1 is

variable loading
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history, the evolution of damage is assured to follow the well-known

Miner's linear damage accumulation rule.

The effect of temperature on the creep resistance of ice, i.e., the

parameter A, is modelled in terms of the Arrhenius activaticn energy law
which is valid for ice below -10°C. The use of this law for both delay-
ed elasticity and secondary creep has been previously justified by Sinha
(1978). Both the Young's modulus of ice and the microcracking activity

in ice is taken to be insensitive to temperature variations.

The multiaxial generalization of the nonlinear deformations in sea ice

is based on a flow potential, not a yield surface. This description
allows recoverable and irrecoverable deformations to occur simultaneous-
ly in accordance with the generalized Maxwell model for uniaxial defor-
mations. The material anisotropy in ice is formulated in terms of an
orthotropic model. The instantaneous elastic strains follow the classi-
cal orthotropic models of elasticity theory, while the creep strains
follow a generalized pressure insensitive flow potential in stress space
(the flow potential resembles that corresponding to the von-Mises vield
surface of plasticity theory when generalized for material anisotropy).
The five flow potential constants defining material anisotropy are iden-

tified in Table 1. They can be derived from conventional uniaxial tests

conducted in five directions oriented ir and at a 45° angle to the axes

of orthotropy. The sixth (reference) direction provides the uniaxial

nodel parameters.

Yielding and Fracture Theory.-- The thecry for the yielding and fracture

of ice is based on three principal behavioral regimes: (a) for strain-

rates below a transition strainrate, e.c., 5x10~8 s“, ice behaves es-

sentially as a continuum (flowing material) in both compression and ten-

sion, (b) for strainrates greater than a2 transition strainrate, €.d.,
10=2 =1, the strength of ice is governed by brittle failure in both
compression and tension, and (¢) at intermediate strainrates ice behaves

as a damaging continuum in compression and as a fracturing material in

tension (for the range of grain sizes tvpically encountered in sea ice).




The tensile "fracture"” strencgth opf of typical sea ice is governed by
the stress to nucleate a crack. The variation of this strength with
strainrate is modelled by the expression listed in Table 1. The
ductile-to-brittle transition in tension tends to occur over a negligi-

ble range cf strainrates.

In compression, the "strergth" at intermediate strainrates is governed
by the stress to propagate cracks. This is the maximum stress predicted
by the continuum model. The stress at which the first "important*
microcrack, i.e., one that is visible to the naked eye in pristine ice,
nucleates is defined as the "yield" stress O.,. Prediction of first
crack nucleation is based on the hypothesis that this occurs due to the
lateral tensile strain and strainrate resulting from the Poisson effect
of elasticity and the incompressibility condition of creep deformation.
The first crack is postulated to occur when the lateral tensile strain
equals the strain for fracture under uniaxial tensile loading at the in-
stantaneous strainrate. The strain for tensile fracture at a given
strainrate can be obtained from tensile stress-strain-strainrate-
strength model. This results in a rate dependent limiting tensile
strain criterion for first crack occurrence or nucleation. Following
this approach, the variation of compressive yield stress with strainrate
can be determined as showrn in Table 1, At high strainrates, the vyield

stress and the compressive strencth become equal.

A rate-sensitive and isctropic Drucker-Prager "failure" surface is used
to describe the vield and fracture onehavior of ice. Thus, the model
developed here considers the failure surface to be oressure sensitive
although the flow behavior is pressure insensitive. At any given
strainrate, the two constants of the Drucker-Pracer model are obtained

from two uniaxial tests, one in comoression and the other in tension.

Making use of the models for strainrate variation of the tensile
fracture strencth and the comrressive yield stress, explicit equations
can be derived for the rate-sensitive description of the two constants.
The multiaxial gneralizaticn is based on an effective strainrate
definition, Ixperimentzl data is nst available at the present time to

model anisotrcoy in the yield and fracture behavicr.
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The flow surface descrizing the continuum deformation of ice and the
Drucker-Prager surface describing yielding and fracture will in general
intersect. Under all states of stress which involve at least one ten-
sile stress, the Drucker-Prager surface will define the liriting surface
that the material can attain prior to fracture. The direction of crack-
ing is assumed to be pervendicular to the larcest principal tensile
stress. When no tensilie stress exists, the Drucker-Prager surface
defines vield, but stress states can attain the limiting flow surface
associated with ihe cornzinuum deformation. If the yield surface is in-
tersected, a crack nucieates in the direction of the smallest compres-
sive stress and the material loses its ability to sustain a tensile

stress in that direction if applied at a later time.

Experimental Verification

Extensive verification of the model has been carried out using

experimental data on pure as well as sea ice. Since sea ice is a porous
material consisting of brine pockets, an effective stress can be defined
for the stress transmitted by the solid ice using the brine volume

normalization proposeé by Weeks and Assur {(1967). In turn, the brine

g

volume can be related the temperature ané salinity of ice through the

relationship proposed ©v Frankenstein and Garner (1967). Use of the

effective stress measure provides a unifying basis for comparing pure

and sea ice data.

Constant Strainrate Te:szs.-- The maxioun stress (termed "strength" for

convenience) observed Zrom constant strainrate tests in compression is
plotted against strainrate in Fig. 1 2fter brine volume normalization.
The solid line in the fizure represents the orediction of the
rate~-sensitive damace mzdel proposed here; the model captures the trend
of the data very well. For strainrates creater than 1072 s~V the

ie invalid ané a herizontal line representing

i

continuum model of
fracture is drawn az & stress of 5.0 MPa. The dashed line in the figure

is the familiar power _zw model for cecorndary sreep which fails to model




material damage resulting in strain-softening for strainrates between
10-4 =1 and 10-2 g1, The maxirum value of strength increases by about

42% from about 10 MPa to 14.2 MPa as temperature is reduced from =-10°C

to -20°C.

Typical stress-strain curves predicted by the model are shown in Fig. 1.
The lowering of residual stress at nigher strainrates as a result of
strain-softening, observed for examrle by Wang (1982), is correctly

predicted by the model.

Creep Tests.-- Experimental limitations preclude the possibility of
conducting an ideal creep test. In most cases a finite period of time
equivalent to a few seconds is necessary to develop the nominal creep
stress. This finite rise time governs the extent of primary creep
deformation for the proposed model. Prediction of creep curves based on
a postulated exponential time variation of the applied stress is able to
describe experimentai data as well if not better than the model of Sihna
(1978). A typical model prediction is shown in Fig. 2.

Constant Stressrate Tests.-- The lircited experimental data from constant

stressrate tests is plotted in Fig. 3. For stressrates greater than
about 0.05 MPa s-1, the fracture strainrate of 10-2 s~' is reached only
after the stress exceeds 5 MPa, the fracture stress at this strainrate
in constant strainrate tests. assu=ing that in constant stressrate
tests material failure is governeé by the - fracture strainrate, not
fracture stress, the maximum stress just prior to fracture defines the
strength. The validity of this assumption is justified since the médel
predicts the observed behavior quite well. For lower stressrates, the
model overpredicts the strength. A careful study of the complete

stress-strain curves shows that experimental observations are made
prematurely and do not represent the actual "strencth" value. If the
stress at 1% strain, i.e., the strain at which Wang (1982) made his
observations, represents the predi::ion,‘?ig. 3 shews that the model

captures the overall data trend very well.
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Effective Elastic Modulus.-- Figure 4 shows the predicted and observed

strainrate variatiorn of the effective elastic modulus for ice. The
figure indicates an excellent match with the relaxation parameter

r=0.51,

Multiaxial Flow Behavior.-- The pressure insensitive but rate dependent

material model for the multiaxial flow behavior of ice follows very well
the experimental data of Frederking (1977) on the plane strain compres-
sive strength of columnar grained and granular-snow ice. Verification
of the model against data on sea ice (Fig. 5), which is‘significantly

less pressure sensitive than pure ice (see Richter-Menge et al., 1985,

for data on anisotropic first year sea ice), suggests that a pressure

insensitive model ray be adequate in many engineering applications.

This is particularly true when considering the larqe spread in the uni-
axial experimental data (Fig. 1). It must be noted that the plasticity
based pressure sensitive parabolic yield function of Reinicke and
Ralston (1977) has been justified with the help of Frederking's (1877}
data (which has been shown to follow the pressure insensitive model pro-
posed here very well) and that the three parameter extension of their
yvield function by Reinicke and Remer (1978) has been justified on the

basis of triaxial data for pure polycrystalline ice.

Prediction of First-Crack Occurrence.-- Figure 6 contains the prediction

of first crack occurrence or nucleation during compressive creep tests
using the lirmiting <tensile strain criterion for yield/fracture. Compar-
ison with the experimental data of Gold (1972) shows that, once again,
the proposed model czavtures the overall trend of the data very well., 1In
particular, the tirme to first crack asymptotically approaches infinity
as the compressive stress reduces to 0.48 MPa. The choice cof stress-
strainrate at which ice transits from ductile to fracture behavior in
tension, i.e., C.48 MPa and 5x10-8 s=1, determines this asymptote. Data
scatter may be due 0 several reasons, including model uncerteinty.
However, two sources stand ou%t; first, the finite rise time required for
the applied stress 2o reach the nominal creep stress, and second, uncer=

tainties associated with the identification/definition




of the "first" crack during testing. The limiting tensile strain crite-
rion compares well with the delayed elastic strain criterion for crack

nucleation proposed by Sinha (1982).

Multiaxial Yield/Fracture Behavior.-- The intersection of the yield/-

fracture surface with the limiting flow surface for continuum response
under plane stress conditions is shown in Fig., 7 at an effective strain-
rate of 10™3 s-1, Comparison of the model prediction with the triaxial
data of Haynes (1973) on bubbly polycrystalline ice in the tension-
compression quadrant shows an excellent match; in particular, the ratio
of the uniaxial compressive yield stress to the uniaxial tensile frac-
ture strength approaches approximately 1.7 for both the modei and the
test data. None of the classical biaxial failure envelopes for brittle

materials that Haynes considered éxplained the data as well.
Conclusions

This paper has presented a new and integratea constitutive theory for

the continuum and yielding/fracture behavior of sea ice. The model has
been extensively verified against experimental data. A research report
written by Ting and Shyam Sunder (1985) describes the model development

in detail.

Current research by the author's research group is concerned with the
development of (a) an objective energy release rate criterion for modi-
fying the "strength" based fracture criterion, (b) an anisotropic and
pressure sensitive model for material damage resulting from microcrack-
ing, (c) a predictive model for the influence c¢f brine volume, or more
generally porosity, on the multiaxial behavior of ice, and (d) an im-
proved yield/fracture surface for large values of (compressive) hydro-

static stress,
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Table 1 Governing Egquations for Constitutive Theory

Maxwell Fluid Model

Effective Elastic Modulus: Eeff = E [1 - r exp(-A/E e1/N))
Nonlinear Viscous Dashoot: o = (A/M) e€gct/N

Material Damage

- - .

D = 1 - [exp(-cqiee) + exp{-cpE) {1-exp(-cqe€)}]

Temperature Effect

A = B, exp( Q/NRT)

Effective Stress for Multiaxial Flow Potential

X a; as ajs
e = 3/(aj+ag) [~-- (Uxx-Uyy)2 + - (Uyy’czz)2 + = (0zz-0xx)?
3 3

+ 2a4 Oxy? + 2a5 Oyz? + 2ag Ozx?)

with a¢q=1 without loss of generality

Tensile Fracture Strength

1 1 1

—— X m—— d m—————

Otf Otm Be /N

Conpressive Yield Strength ;

1 1 1 ;

s = e 4 e mee—e————

ocn?  Ocn? L(a/M)ET/N)2 ;

Drucker-Prager Surface for Yield/Fracture E

f(g)=PI"+l/3£'k

with Iq = first invariant of stress vector |
J2 second invariant of deviatoric stress vector o

1 (Gcn/otf) + 1 : _ . |
p = = mmm-m—-os-mos and Kk = 0gp (p - 1//3) or ggg (p + 1/3) ;

3 (Oen/Oeg) = 1

Material Constants

E=9.5 GPa, r=0.98, A.=9.201 Mpa s'/N, n=3, M=1411.2, 0=65 kJ mol~?
€1=2.28x10% s, ¢=1028 s, R=8.314 J mol=! k=1, ogn=2.0 MPa,
B=176 MPa s1/N, Oern=5.0 *Pa, and ajp-ag depend on the anisotropy.
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